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Motivation
Polydispersity – continuous variation in particle properties such as 
size, charge etc. – pervades soft matter physics. It remains so 
poorly understood that its effects are often guessed at or ignored.

We use Kinetic Monte Carlo simulation to study phase separation 
kinetics in polydisperse colloids. Here, we introduce methods to 
characterise fractionation in a highly inhomogeneous polydisperse 
fluid. The methods include spatial correlation functions, and a 
novel Voronoi approach for measuring local volume fraction. 

Our findings:
•  Fractionation takes place from early time, implying a role even 

in arrested systems (e.g. gels). 
•  A striking dependence on interaction potential can be explained 

with a theory requiring only a monodisperse reference.
•  The methods can be used to study any polydisperse system 

with or without phase separation, and in principle applied in 
experiment too.

Sollich and Wilding have pioneered theory 
and simulation techniques to determine 
equilibria of polydisperse systems. This plot 
demonstrates fractionation, where coexisting 
gas and liquid select subsets of the “parent” 
particle size distribution.
Wilding, N. B., & Sollich, P. Europhys. Lett., 
67(2), 219 (2004).

Questions…
•  What role does polydispersity play in the early stages of phase separation?
•  How can we reliably measure effects of polydispersity in a highly 

inhomogeneous phase separating fluid?
•  How should local volume fraction be measured in a polydisperse system?

Conclusions
•  Fractionation begins in the first few seconds of phase separation, so could affect e.g. 

gelation of a polydisperse colloidal fluid.
•  New methods for measuring local volume fraction and correlation functions in a highly 

inhomogeneous polydisperse system.
•  Generalisable to charge, shape polydispersity etc., and systems without phase separation 

e.g. glasses.
•  In principle applicable to experiment too.

Thanks to EPSRC, Georgetown University, Emanuela Del Gado, Daniel Blair, Peter Olmsted.
JJW and RMLE, J. Chem. Phys. 141, 164901 (2014).

JJW and RMLE, Phys. Rev. E 86, 011405 (2012).

Dependence on
interaction potential

We study two polydisperse interaction potentials. In a monodisperse system, they 
would both reduce to the same standard square-well potential.

Evans’ perturbative theory (J. Chem. Phys. 2001) allows properties of a 
polydisperse system to be predicted from a monodisperse free energy. Gas-liquid 
fractionation of the n’th moment depends on the parent value of the n+1’th:

Predictions:

è The choice of potential is a useful “switch” to control the equilibrium direction of 
fractionation governing the simulations!

“Scalable” – range depends on 
hard-core size multiplicatively.
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8
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>:

1 if rij  dij
�u if dij < rij  �dij
0 if rij > �dij

V
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>:

1 if rij  dij
�u if dij < rij  dij + (�� 1)

0 if rij > dij + (�� 1)

“Non-scalable” – range 
depends additively.

dij = (di + dj)/2

[h✏ni]lg = �[A/⇢]lgh✏n+1ip +O(✏n+2)

A(⇢) = ⇢dµex(✏)/d✏ Determines how costly it is to increase particle size in the 
monodisperse reference, at given density.    = size deviation.

�[A/⇢]lg ⇠ 5.3 Scalable – increasing particle size is easier in the liquid, 
liquid should take larger particles.

�[A/⇢]lg ⇠ �2.2 Non-scalable – increasing particle size is easier in the gas, 
liquid should take smaller particles.

Coarse-grained Voronoi local volume fraction
The natural way to measure fractionation is to define phases based on local 

volume fraction, and count particle size statistics of each phase.

With polydispersity, this naïve definition of local volume fraction (a) introduces 
bias – detecting “fractionation” even in a homogeneous hard sphere system!

We use a coarse-grained volume fraction averaged over Voronoi neighbours.
•  “Coarse-graining box” is a complex polyhedron defined by the fluid structure. 
•  If no fractionation, each particle’s neighbours are a representative sample of 

the fluid, irrespective of the reference particle’s size. 
•  Reduces residual correlation between particle size and local volume fraction 

(b), allowing “phases” to be safely defined for measuring fractionation.
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Scalable potential (40% 
polydispersity) – large particles in 
high volume fraction (hot colours) 
liquid regions

Non-scalable potential – large 
particles in gas regions

�p=0.0998±0.0001 Mean diameter Polydispersity

Gas hdiig = 1.005± 0.001 �g = 0.1002± 0.0007
Liquid hdiil = 0.9978± 0.0007 �l = 0.0995± 0.0004

�[A/⇢]lg ⇠ �2.2
[h✏i]lg
h✏2ip = �0.75± 0.04

[h✏2i]lg
h✏3ip = �0.7± 0.8

�p=0.37±0.0008 Mean diameter Polydispersity

Gas hdiig = 1.023± 0.004 �g = 0.373± 0.002
Liquid hdiil = 0.987± 0.003 �l = 0.368± 0.001

�[A/⇢]lg ⇠ �2.2
[h✏i]lg
h✏2ip = �0.26± 0.02

[h✏2i]lg
h✏3ip = �0.19± 0.04

�p=0.0998±0.0001 Mean diameter Polydispersity

Gas hdiig = 0.994± 0.001 �g = 0.0989± 0.0008
Liquid hdiil = 1.0023± 0.0007 �l = 0.1000± 0.0003

�[A/⇢]lg ⇠ 5.3
[h✏i]lg
h✏2ip = 0.84± 0.03

[h✏2i]lg
h✏3ip = 0.8± 0.8

�p=0.37±0.0008 Mean diameter Polydispersity

Gas hdiig = 0.935± 0.004 �g = 0.341± 0.002
Liquid hdiil = 1.024± 0.003 �l = 0.377± 0.001

�[A/⇢]lg ⇠ 5.3
[h✏i]lg
h✏2ip = 0.65± 0.02

[h✏2i]lg
h✏3ip = 1.04± 0.07

(a) Scalable: liquid has large particles/high polydispersity                   (b) Non-scalable: liquid has small particles/small polydispersity 
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(a) (b) Using our coarse-grained local 
volume fraction, gas and liquid 
phases can be defined and their 
statistics determined. 
Fractionation of mean size and 
polydispersity is detected and 
agrees qualitatively with theory.

Particle property correlation functions
What if phases are not distinct, or hard to define? We can independently measure 

fractionation via correlation functions – particles in the same domain will be correlated in 
their size. We define two functions resembling “weighted radial distribution functions”.
⇠2(r) = h✏i✏jir � h✏ii2

=
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i

P
j 6=i �(rij � r)✏i✏jP

k

P
l 6=k �(rkl � r)

!

Detects fractionation but not its direction.
Extent of correlated domains increases with time.

⇠1(r) = h✏i + ✏jir � 2h✏ii

=
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P
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k

P
k 6=l �(rkl � r)

! Detects the presence and direction of 
fractionation. Direction agrees with theory. 
Signal is absent in hard sphere (HS) system, 
except for a residual short-range signature 
from local particle packing effects.

� = 1.15

Model system
Square-well particles, with a truncated 
Schulz parent size distribution, 
polydispersity ~10% or ~40%. 

In the monodisperse limit, the system 
is at subcritical effective temperature 
T* = 0.55, and at critical volume 
fraction, implying spinodal 
decomposition into gas and liquid.

Liu et al., J. Chem. Phys., 123 
(17), 174505 (2005). 
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